Abstract. Let (X, Σ, µ) be a σ-finite, nonatomic, Baire measure space. Let G be a finite dimensional subspace of L 1 (X, Σ, µ). There is a bounded, continuous function, q, defined on X, such that
Introduction
Let (X, Σ, µ) be a finite, nonatomic measure space, and let G be a finite dimensional subspace of L 1 (X, Σ, µ). The Phelps-Dye theorem states that there is a measurable function, s, such that |s| = 1 almost everywhere, and X sgdµ = 0 for all g ∈ G. This is equivalent to saying that there is an extreme point of the unit ball of the dual space of L 1 that annihilates G. The theorem was originally used by Phelps in 1960 , to show that no finite-dimensional subspace of L 1 (X, Σ, µ) could admit unique best approximations to all integrable functions (also see [11] ).
This paper shows that with the existence of a related topology on X, the theorem can be strengthened so that s is also the sign of a continuous function.
There are other recent results involving an ambient topology in a measure space setting. For example, Liapanov's theorem states that the range of a finite, nonatomic, vector-valued measure is a compact convex set. H.Render and H.Stroetmann [12] find necessary conditions that the range be unchanged when the measure is restricted to only open sets. The strengthening of the Liapanov theorem (unlike here) is not always possible.
A significant step in the proof here is the construction of a continuous, bounded function whose level sets have measure zero on a σ-finite, nonatomic, Baire measure space. The main results in this paper are Theorem 5.3, and Theorem 4.3 and its Corollary 4.4.
The paper assumes no regularity conditions on the measure space or on the topology.
Notation and definitions
Measure spaces: Throughout the paper (X, Σ, µ) will be a measure space. For U, K ∈ Σ, we say that
is nonatomic if no set in Σ is an atom with respect to µ. We use a.e. as an abbreviation for the term "almost everywhere". We will reserve S for a collection of sets that generate Σ.
Functions: Let f be a real-valued function defined on X.
Sets: A set in the smallest σ-algebra containing the supports of all the nonnegative continuous real function is a Baire set. For sets K and U , we use K − U to represent {x ∈ K : x / ∈ U }, and the complement of K ⊆ X is K c := X − K.
Nonatomic sets
Proof. Most of the properties are trivial to verify. We observe only that since
M is an algebra of sets, and the Monotone Class Theorem implies that M is a σ-algebra.
For the remainder of the paper we will reserve S to be a collection of sets that generates Σ. Although we will often state our results for an abstract set S, the collection of sets to which we later apply the results is the set of supports of continuous functions.
Proof. Since µ is nonatomic, some member of Σ splits K. Since S generates Σ, the lemma follows from Lemma 3.1 (iii).
Example. The conclusions of Lemmas 3.1 and Lemma 3.2 are not necessarily true for sets K of infinite measure. Easy examples can be constructed with Lebesgue measure on the real line.
For the following lemma let S be a collection of sets that is closed under finite unions and finite intersections. Assume also that S generates Σ and that µ is nonatomic.
Proof. First we observe that there is a set U 0 ∈ S such that V ⊆ U 0 and µ(V ) < µ(U 0 ) < ∞. That is if U is a member guaranteed by Lemma 3.2 that splits V c , then U 0 = U ∪ V has this property.
Now having chosen
Choose m large enough that
In addition to S and (X, Σ, µ) having the properties of the last lemma, for the corollary below, assume also that S is closed under countable unions.
Corollary 3.4. If ∞ > µ(X), and c ∈
[0, µ(X)], there is a U c ∈ S such that µ(U c ) = c.
Proof. Consider all collections of sets {U i } i∈I ⊆ S where: (i) I ⊆ R, and sup
By taking a union we see that every totally ordered set of these collections has a maximal element. By Zorn's lemma the entire set has maximal elements. Let {U i } i∈I be such a maximal element. Let b = sup{i : i ∈ I}.
Let {δ n } ∞ n=1 be a sequence of real numbers decreasing to zero such that b−δ n ∈ I. Then Proof. There are at most countably many sets of the form
. Let r and s be distinct, nonzero, real numbers. If a set is contained in the intersection of level sets of two of the functions f , g, f + rg, and f + sg, then it is also contained in a level set of each of the other two. Hence for all a and b in R,
Since µ(X) < ∞, for any fixed a ∈ R, there can be at most countably many values of r for which
Hence, except for these countably many values of r,
e. We still need to show that (f + rg) −1 (a) is contained a.e. in a single set Let
be the level sets of s k which have positive measure. As before let these level sets be ordered by size.
are that, for any fixed k:
We proceed to choose f n , r n and V n+1 . From Corollary 3.4 there is a bounded continuous function f n such that:
That is, to apply Corollary 3.4 we observe that if χ is the σ-algebra of subsets of Λ n−1 generated by {U ∩ Λ n−1 : U ∈ S}, then (Λ n−1 , χ, µ) is nonatomic (e.g., use Lemma 3.2). Applying Corollary 3.4 to this measure space yields a generating set
Let v be a continuous, nonnegative, bounded function with support V n . Replacing f n with vf n , if necessary, we may assume that suppf n ⊆ V n . Now consider s n = s n−1 + rf n . From Lemma 4.1, there are at most countably many real numbers r such that s n−1 + rf n has a level set that intersects Λ c n−1 in a set of positive measure. We will choose r n to satisfy 4 conditions.
are all the real numbers such that, µ(s
Therefore a i +r n b j = a k +r n b l and each of the sets s
To state the fourth condition, let M n be chosen so that
, and let
(iv) r n f n ∞ < 1 4 n . We now choose V n+1 . Let {a i } be the countable set of real numbers so that s
Then V n+1 is in S and satisfies conditions (4), (5), and (6) .
We have that f is a nonnegative, continuous (condition (3)), real-valued function. The remainder of the proof is to show that µ(f −1 (a)) = 0 for all real values a. We will show that, for any η > 0, µ(f −1 (a)) < 1 η . Condition (i) implies that Λ n ⊆ Λ n−1 . Condition (ii) and condition (2) guarantee that:
Applying (vi) and (iii) to n + 1 (instead of n) implies that f takes distinct values on Λ n,i and Λ n,j , for i = j, and i, j < M n+1 . By the choice of M n ,
Choose N large enough that µ(f −1 (a) ∩ Λ N ) < 
For the third set, we observe from condition (6) 
is a sequence of disjoint sets, each of finite positive measure, and which union to X. We define a new measure,
Then ν is a finite, nonatomic, Baire measure with the same null sets as µ. Therefore the function of Lemma 4.3 that has level sets of zero ν measure also has level sets of zero µ measure.
Notation. Let cl U represents the closure of a set U . 
Let Comment. This use of the term "smooth" for a subspace Q ⊆ L 1 (X, Σ, µ) corresponds to common Banach space usage. That is, Q is smooth in the sense here if and only if for each q ∈ Q with q 1 = 1, there is a unique bounded linear functional l q defined on L 1 such that l q (q) = 1 = l q , and hence Q is a smooth (in the Banach space sense) subspace of L 1 . Of course, l q f = X f (sgn q)dµ. However, for our purposes, the smooth subspaces Q are not necessarily contained in L 1 .
Lemma 5.1. Let (X, Σ, µ) be a measure space. Let G be an n-dimensional subspace of L 1 (X, Σ, µ). Let Q be an n + 1-dimensional, smooth linear space of bounded measurable functions. There is a q ∈ Q such that, for all g ∈ G,
We first observe that L is continuous. Suppose that q i converges uniformly to q 0 , and that g ∈ G. Then |g sgn q i | ≤ |g| ∈ L 1 . Also since µ[Z(q 0 )] = 0, q i → q 0 (uniformly) implies that g sgn q i converges pointwise a.e. to g sgn q 0 . From the dominated convergence theorem, X g sgn q i dµ converges to X g sgn q 0 dµ and L is continuous.
Restricting L to {q ∈ Q : q ∞ } we get a continuous, antipodal (i.e. L(−q) = −L(q)) mapping of the surface of an n+1-dimensional sphere into an n-dimensional space. From the Borsuk antipodal mapping theorem, there is a q ∈ Q such that L(q) = 0 and therefore satisfies the statement of the lemma. Proof. For each Baire set K, put ν(K) = µ(K ∩ U ). Then ν is a nonatomic, σ-finite, Baire measure on X. Furthermore-relative the integral of the theorem-if g ∈ G and h is a bounded, µ-measurable function, then X ghdµ = X ghdν. We may therefore assume that µ itself is σ-finite. From Lemma 5.2 there is an n + 1-dimensional space of bounded, continuous functions defined on X. From Lemma 5.1, one of these functions, q, satisfies the theorem.
Final comments, examples, and open questions
Example. There is a nonatomic, Baire measure space that is not σ-finite, but supports a continuous, bounded function with level sets of measure zero. Let X have the usual Euclidean 2-dimensional topology, and let Σ be the Baire sets. We define µ(U ) = 0≤a≤1 µ a (U ∩ I a ) for U ∈ Σ. Then (X, Σ, µ) is a nonatomic, Baire measure space that is not σ-finite, and f (a, b) = b is a continuous, bounded function with level sets of measure zero.
Problem. Does there exist a nonatomic Baire measure space (X, Σ, µ) such that every continuous function defined on X has a level set of measure greater than 0?
Problem. If (X, Σ, µ) is a σ-finite, nonatomic, Baire measure space, does there exist a continuous, bounded, integrable function with level sets of measure zero?
Comment. Lemma 5.1 is related to a 1957 theorem proved by I.C.Gohberg and M.G.Krein. They show that if E and F are n-and n + 1-dimensional subspaces, respectively, of a normed linear space, then there is a member of F that has 0 as a best approximation from E. The relation between Lemma 5.1 and the GohbergKrein theorem can be seen in [14] and in G.G. Lorentz' book.
